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IMPERFECTIONS, A MAIN CONTRIBUTOR TO SCATTER IN
EXPERIMENTAL VALUES OF BUCKLING LOAD

W. H. HORTON and S. C. DURHAM
Department of Aeronautics and Astronautics. Stanford University. Stanford. California

Abstract-- This paper develops a novel approach for testing cylindrical shells. A method of buckle restriction
by means of an internal mandrel is used. This mandrel is located at a distance equivalent to the thickness of
the shell from the surface of the test specimen. By means of this device it is possible to elastically buckle the
shell until the shell is completely filled with buckles. It is shown that the variation of the rate of change in
number of buckles as a function of the applied load follows a Gaussian distribution. The mode of the Gaussian
curve is located at a load level which agrees very closely with the critical buckling load computed from the
classic formula.

It is considered that the evidence presented is substantial support for the small displacement theory and a
strong indication that buckling takes place first at the weakest section of the shell and the amount of buckling
is a fUllction of the area of weakness.

l. INTRODUCTION

TODAy much data exists with regard to the buckling of plates and shells. The chief con­
clusions of both the theoretical and experimental investigations are outlined in detail
in several papers [1,2]. Unfortunately, the results of experiments with circular cylindrical
shells are not at the present time consistent with theoretical predictions. The values of
buckling loads determined by tests differ appreciably from the computed values, no
matter what theory we use.

Attempts to explain these differences in behavior have been made by various re­
searchers. Donnell [3] attributed early failure to initial deviations from the geometrically
exact shape. Fltigge [4] calculated the stresses caused in the shell by the restraint to
expansion provided by the testing machine. Both of these workers were able to demon­
strate that reductions in failing load would occur from these causes but they did not
account for the large deviations in observed buckle shape from those predicted by theory.

In part, the discrepancy may be due to the fact that the buckle pattern observed is
not of the type normally used in theoretical considerations. It is most unusual in practice
for the buckle pattern to develop uniformly over the whole tube. Rather the character­
istic diamonds are formed over parts of the tube. A wide field of theoretical exploration
would be opened up if an attempt were made to cover localized bands of diamond
buckles. To some extent this has already been attempted by Hoff [2].

The purpose of the study reported herein was to check whether the influence of initial
irregularities overshadows all consideration of elaborate waveforms, as is suggested by
Cox [5].

The fact that initial imperfections have a pronounced effect on the value of the first
huck ling load and the point at which it occurs is supported by a result published by the
authors in a previous paper [6]. In the study reported in this paper an electroformed
nickel cylinder was tested under compression and the buckle load history is shown in
curve I of Fig. I. This buck ling occurred in the lower 20 () (l of the shell. As a result of this
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FIG. I. Repeated buckling behavior of a cylindrical shell.

we were able to make a closely fitting heavy collar which was glued around the shell in
such a manner as to reduce the effective length of the shell. The compression test was
carried out again and in this case failure occurred at a higher load than had previously
been experienced. Subsequent measurement showed that the buckles occurred at the
most irregular positions on the cylinder. Thus, our experiment demonstrated among
other things that the load and position at which buckling occurs is a function of geo­
metric imperfection.

The testing of cylindrical shells is a subject fraught with difficulties. Even if a family
of shells with prescribed small local variations in form and property could be made a
large number of tests would be required. The test results achieved on the family would
be influenced by many factors other than those to be investigated. For example, the
machine used, the individual setup, the nature of the end fittings and so on, would
influence the results. It is clear that variation due to these causes must be eliminated in
any test series. Hence, some radically new approach to testing of shells was necessary if
the question posed was to be answered experimentally.

We reconsider the question of a family of specimens in the following manner: 11

cylindrical shells manufactured by the same processes to identical specification should
have a random variation in irregularity unless some bias be introduced by the inspection
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process, These 11 specimens could be placed together in a continuous line and if we were
to examine them in this form the random variation would still occur. If now they were
joined together they would produce a longer shell which would be characterized by the
same normal distribution of irregularity over its length as had previously been found in
the individual members which had been bonded together to form the single specimen,
Thus, the single specimen has basically the character of a set.

If this single specimen can be tested in an appropriate manner then it should be
possible from the one test specimen to obtain the characteristics of a family of cylinders.
In previous researches the authors have demonstrated [7] that when the depth to which
a buckle is permitted to develop is restricted to the thickness of the shell then the buckle
process has no deleterious effect on subsequent buckle behavior of the shell. Moreover,
if a restriction of this kind is made by means of some interior object lying close to the
surface of the shell it is possible, with increasing load, to produce a family of buckles
which will cover the entire surface of the shell. Figure 2 shows a well-developed buckle
pattern on a cylindrical shell tested in this manner.

It would seem reasonable under these circumstances, that for an initially stress free
cylinder the number of buckles formed would be a measure of the geometric and material
imperfection. Additionally, the rate of change in number of buckles versus the applied
load would follow a normal distribution and the average of the load at which buckles
first were realized and the load at which the shell was completely filled with buckles
would correspond closely to the buckling load of a perfect cylinder of the nominal
thickness. If the contention of Cox is correct, this load should have the value 0·6(£t/,.)
x 21trt approximately.

We should anticipate that the better the manufacturing techniques used for the
shells the more leptokurtic would the distribution curve be and, of course, the poorer
the technique the more platykurtic. (See Fig. 3). It is not unlikely, too, that with some

FIG. 3. Kurtosis of distributIOn curve.

methods of manufacture and with some materials a measure of skewness will be apparent.
This would certainly be the case, for example, if in the cylinder under test the stress­
strain curve for the material is not Hookean over the complete range of stresses which
result from the loading range required.
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2. NYflRE OF THE TEST SPECIMENS

The first L') lindrical shelb used 111 this study wele manufactured hy ekctroformin~

(Fig. 4). A thin coat of nickel \\as deposited on an accurate aluminum mandrel. The
shells wen: separated from the mandreb by rapidly co()ling the mandrels with liquid
nitrogen. The finished shells Ilele 000-1 in \\all thickness. ~'906 in. diameter and Xin.
length. The nil'kcl h;IJ a Young's modulus or appwximatdy ~-I x 10" Ib in 2

, as determined
in a sepalate test.

Thus. the classical bud, ling load of the specimens was computed from the formula
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3. .\1ETlIOD OF TEST

The specImen was mounted in the special test fixture, sho\\n in Fig. 5. It is clear
from this dral\ing that the fixturc ditlers from the normal 'eneastre' typc fixtun:, There
IS a central core or mandrd The cylinder is in closc proximity to this the gap heing
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U UU-IlIL I Ill.' mandrel docs not carry any direct load but restricts the lkpth of buckle
1\ hieh can form, This loadll1g fixture was mounted in a standard 60,000 Ib Baldl\ in
Hamilton test machine and load IVas applicd through a spherical scat loading pad in
thL' lhU;i1 nlanllL:r IFi~ ()J

.... RESULTS

Load II a., applied to thc tirst cylindrical shell using the lowest rate of application
that could bc obtaint:d with tht: tt:st machinc, The specimt:n was continuously IVatcht:d
and immediately it buckkd tht: leading pmct:ss Ivas discontinued Tht: shell buckled in
a normal diamond pattern and the buckles occurred in a small IOl'alized region, Tht:
numbt:r of buckles was counted and tht: valut: of load rt:corded. Next thc load was in­
creased by 50lb Loading I\as stoppcd and thc numbt:r of buckles again countt:d. This
procedurt: I\as rt:peated until tht: hucklcs h~ld almost compktdy cO\t:red the surfact: of



FIG. 2. Photograph of cylinder with completely developed buckle pattern.
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FIG. 4. Nickel cylindrical shell.

FIG. 6. Load system.
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the shell. The load was now removed and the specimen was found to have returned to
its initial shape. No sign of damage or permanent deformation could be found. In Table I

T ABU: I. Nt'MI:lER OF BUCKLES VS. LOAD HlR CYLINDER

MI. I

Loau (Ib) Number of buckles

995
1050
1100
1150
1200
1250
1300
1350
1400
1450

3
II
21
40
66
95

161
224
261
287

the number of buckles and the load at which the observation was made is recorded. The
results are graphically portrayed in Figs. 7 and 8. These presentations show that the
variation of number of buckles with load closely approximates to the Gaussian distribu­
tion, which is characteristic of a random variation. It is seen, too, very clearly from
Fig. 7 that when the change in number of buckles is plotted against the load the resulting
curve has zero slope at a point which is very close to the critical buckling load estimated
from the classic buckling equation.
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o EXPERIMENTAL DATA

The extremely encouraging result obtained with the first cylindrical shell led us to
believe that this method of investigation was indeed fruitful. As a consequence, a second
shell was prepared in the same manner as the first. In this case the procedure adopted was
as before but with addition of displacement measurements. The deflection versus load
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FIG. 8. Plot of total number of buckles vs. load.

history is shown in Fig. 9 and tabulated in Table 2. The buckle load behavior is as given
in Table 3 and Figs. to and II. Due to a slight failure of the clamping arrangements at
the upper end of the cylinder the test was discontinued before the shell was completely
filled with buckles. The limited data obtained, however, is fully consistent with that
obtained on the previous test. There is, as one might expect however, a variation in the
value of (J which defines the distribution curve. This we attribute to the fact that although
the method of manufacture of the two shells was the same the second shell was of some­
what higher quality than the first.

A third nickel shell which had been prepared in the early stages of the development
of the electroforming technique which was not of the same quality as the other two was
also available. Despite its lower quality we thought that it would be worthwhile to test
the shell and the results of this work is presented in Table 4 and Figs. 12 and 13. The
shell exhibited the same behavior as had been experienced with the other two but in
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TABLE 2. LOAD YS. DEFLECTION FOR CYLINDER NO.2

65

Loact (Ib)

o
50

100
150
200
250
300
350
400
450
500
550
600
650
700
750
800
850
900
950

1000
1050
1100
1150
1200
1225
1250
1300
1350
1400
1450

Deflection (10- 4 in.)

o
3
7

II
15·3
20·5
25
28·9
32·2

36
39·8
43-2
47
50·5
54-4
58·2
62·2

66
70·2
74·1
78·8
83
88
93-6

100·1
103·5
117
129·6
146·6
170·8
216·2

TABLE 3. Nt:MBER OF Bl:CKLES YS. LOAD FOR CYLINDER

No.2

Load (Ib)

1225
1250
1300
1350
1400
1500

Number of buckles

:2
12
20
38

104
169

this case the nominal distribution curve was more platykurtic than had previously been
the case, This demonstrated very forcibly to us that the kurtosis of the curve is certainly
a measure of the irregularity of the cylinder.

We must emphasize that a comparison of the normal distribution curves which
resulted from the three tests shows the following important facts. At the low end of the
load scale there is disagreement between the experimental data and the distribution
curves, This disagreement arises because the true distribution curve should result from
a very long cylindrical shell whereas we tested a short one in which end effects certainly
have some significance in relation to the buckle load and number at the ends of the
cylinder.
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TABLE 4. NUMBER OF BUCKLES YS. LOAD FOR CYLINDER

NO.3

67

Load (lb)

1183
1250
1300
1350
1400
1450
1500
1550

Number of buckles

13
25
37
51
92

134
168
200

The modes for the three distribution curves are located at 1300, 1450 and 1475 lb.
The computed buckling load for the cylindrical shells is 1455 lb. Thus, we see that the
mode value is in no case different from the theoretical buckling load by more than
I0 ~.~. A 10 ~~) variation in this value corresponds to a variation of thickness of 5 '/~ or
2 x 10- 4 in.
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5. CONCLUSIONS

We have shown by restnctmg the depth to which a buckle can develop that it is
possible to cause buckling to occur not only at an isolated point on the surface of the
sheIl but over all the body. The fact that the variation in the number of buckles which
occur as a function of load foIlows the normal distribution curve, and the mean of the
smaIlest and greatest buckling loads approximates closely to the classical critical buckling
load is clear evidence that the random distribution of imperfections which occur in
cylinders is a main contributory cause to the substantial scatter which is observed in
cylinder tests. This point of view is substantiated by the observations recorded in a
previous paper when two distinct buckling loads were obtained from the same cylinder
by the simple expedient of preventing the first buckle occurring on the second test. The
closeness of the critical buckling load to the classic buckling load seems substantial
support for the small displacement theory.
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APPENDIX

In this appendix we report additional work which was performed with a view to
consolidating that reported in the main section of the paper.

It is variations in local geometry and mechanical property which together constitute
defects. We demonstrated that such imperfections cause statistical variation in the
number of buckles observed in the compressive buckling of a cylindrical shell when the
buckle depth is restricted. By an argument analogous to that already developed we can
show that a similar phenomena should occur in the buckling of a spherical shell or hemi­
spherical cap when we restrict the depth of buckle. Similarly, we can deduce that a
conical frustum tested under compression with buckle depth restriction should not have
a variation of buckle number with load which follows the Gaussian distribution. This
arises from the fact that the individual frusta which constitute the frustum tested do not
have the same critical buckling load.
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For the first test of the new series a hemispherical shell was used. Unfortunately,
this hemispherical shell had been used previously many times to demonstrate buckle
patterns for such shells under external loading. Thus it without question was affected
by the plastic conditions which occur at the crest of the buckles in all shells of single or
double curvature which are repeatedly loaded without severe restriction on the buckle
depth permitted. Thus, for this specimen the pressure to cause collapse was not in any
way associatable with the critical buckle pressure as computed by any currently existing
theory. On testing with buckle restriction and determining the variation of the number
of buckles as a function of the external pressure it was demonstrated that the anticipated
Gaussian distribution occurs in this case. The results of this experiment are given in
Fig. 14.

The second test made was on a conical frustum. In this case the variation in the
number of buckles as a function of load is as given in Fig. 15. It is seen from this curve
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FIG. 17. Photograph of conical shell showing well-developed buckle pattern.
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that the variation is definitely not of the Gaussian type. Figure 17 shows the buckle
pattern for the frustum used.

It is well known that cylindrical shells under combined loading behave differently
from cylinders under pure compression. For example cylinders under compression and
internal pressure buckle at a higher load than cylinders in pure compression. The limiting
compressive stress however never exceeds the critical value as determined from the
classic buckling formula

Cylinders under compression and external pressure buckle at loads which are always
lower than is achieved in pure compression. Moreover machined cylinders frequently
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are prestressed and then locked-in stresses are similar to those which result from external
pressure. We conjecture therefore that a normal prestressed cylinder would behave in
an analogous manner to a cylinder under combined external pressure and compression.
i.e. we should anticipate that such a cylindrical shell would buckle in a similar manncr to
a stress frce shell but that therc would be a variation in the position of the mode. To
test this contention we constructed a thin-walled cylindrical shell by machining from a
thick tube. This thin-walled shell. when removed from the mandrel on which it was
fabricated was very noticeably oval in cross section. It was forced to the circular shape
and tested in the same way as before. in this case we obtained a statistical variation of
the number of buckles as a function of load but the mode value did not agree with the
critical buckling load as determined from the classic formula (Fig. 16).

We conclude from the auxiliary tests reported in this appendix that the technique
reported in the main paper is sound and the deductions therefrom dre valid.

(Rec"il'"d 21 F"hl'ullry 1964)

Zusammenfassung -In diesem Bericht wird ein neues Verfahren zur Prtifung von Zylmderschalcn b<:schrieben.
Das Ausbeulen d<:r Schale wird durch ein inwendig angebrachtes Mantelrohr begrenzt. Das Spiel zwischen
dem Mantclrohr und der Zylinderschalc ist gleich der Wandstarke der Sehale. Durch diese Anordnung ist <:s
mogh<:h. die Zylinderschalc zu belasten. bis sie vollkommen mit Ausbeulungen versehen is!. wobel die Aus­
beulungen 1m elastischen Bereich bleiben. Es wird gezeigt, dass die Ableitung der lahl der Ausbeulungen
nach der Last, aufgetragen in Funktion der Last, eine Gauss'sche Glockenkurve darstellt (siehe Fig. 7). Der
Maximalwert dieser Gauss'schen Kurve tritt bei einer Last auf, welche der kritischcn Beullast, bcrechnet n,lch
der klassischen Theorie. sehr nahe komml.

Das Ergcbnis wlrd 'lIs wescnthche Bestatigung der Thcorie tiber kleine Verschiebungen betrachtet und 'lis
wichtiger Hinweis daftir, dass die Schalc zuerst an der schwachsten Stelle auszubeu1en beginnt und der Beul­
bereich von del' Grosse der schwachsten Stelle abhangt.

A6cTpaKT--B 3TOA pa60Te pa3BHBaeTC~ HOBWA nO~OA K Hcnpo6oBaHHK> UHnHHApH~ecKHx o6ono~eK.

YnoTpe6n~eTc~ MeTOA orpaHH~eHH~ npoAonbHoro H3rH6a npH nOMoIUH BHyTpeHHeA onpaBKH, 3Ta onpaBKa
pacnonoraeTcR Ha paccTo~HHH OT nOAOnblTHOrO o6pa3ua paBHoueHHoM TonmHHe 06ono~KH, 3TO npHcn­
oco6neHHe AaeT BO'lMO)KHOCTb 3naCTH~HO H3rH6aTb o6onolfi(y AO Toro ~TO o6onolfi(a COBCpmeHHO Hano­
nHeHa H3rH6aMH, TIoKa3aHo, ~TO BapHaUH~ CKOpOCTH H3MeHeHH~ ~cna H3rH6oB KaK cPYHKUHR HanO)K­
eHHoH Harpy3KH cneAyeT pacnpeAeneHHK> no rayccy. cI>opMa rayccoBOA KpHBOA HaxOAHTCR Ha ypoBHe
Harpy3KH 6nH3Ko COOTBCTcTByK>meM KPHTH~ecKOA Harpy3Ke Bbl~ecneHHoA no KnaccH~ecKoAcPopMyne.

C~HTaeTc~, ~TO npHBCAeHHbie AaHHwe OKa3blBaK>T cymecTBCHHyK> nOMep)KKy TeopHH ManblX CMem­
eHHA H cBHAeTenbCTByK>T 0 TOM, ~TO npOAonbHblA H3rH6 HMeeT MecTO npe)KAe BCero B caMoA cna60A
~aCTH 060nO~KH H ~TO HTor H3rH6a ~Bn~eTC~ cPyHKUHeA nnomaAH ocna6neHH~.


